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1. INTRODUCTION 

The Poincare Lemma for the de Rham complex ^1{U) = (B^^q^'^ (U) of smooth differential forms 
defined on contractible open subsets U of R" is a foundational result with applications from topology 
to physics: Every closed differential form lv G 0,k{U) is exact. That is, if = where co G Clk{U), 
then there exists r] £ flk-i{U) such that ui = drj. Such forms r] are found through a homotopy 
operator A acting on forms where 77 = Au). That such an operator A exists is a remarkable and 
powerful feature of the de Rham complex. 

A homotopy operator K on the chain complex of polyhedral fc-chains is easy to construct using 
the classical cone construction from topology, and works quite well for the category of polyhedral 
chains. One way to generalize Poincare's Lemma is to introduce a topology on each vector space 
of polyhedral fc-chains with the hope of extending K to a continuous homotopy operator on the 
chain complex of the completed spaces. For a coherent theory with broad application to domains of 
integration going far beyond polyhedral chains, we need the dual space to be an identifiable space 
of differential A;-forms, and the dual operator Alo := ojK, which is necessarily continuous since K is 
continuous, to be a computable homotopy operator. 

Whitney's Banach space of "sharp chains" [?] has no continuous boundary operator, and thus there 
is no meaningful cone operator in the sharp space. The cone operator K on polyhedral chains is not 
generally continuous in the Banach space of "flat chains" , although it is continuous in the subspace 
of flat chains with finite mass, and this has been useful as a tool for solving a special case of Plateau's 
problem for integral currents ( [?], see also [?]). Our efforts to solve the Plateau problem in full 
generality [?] led to the results in this paper. 

Our main result is a geometric Poincare Lemma for a certain differential chain complex (to be 
defined below) of topological vector spaces i>k{Ui) of "differential fc-chains" in an open set Ui that 
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is contractible in an open set U2 with Ui C U2 C . That is, there exists F : [0, 1] x J7i U2 with 
F{Q,p) — p and F{l;p) — c for some constant c G C/2. 

Every cycle J € ^^([/i) is a boundary in 13j.(C/2) for all 1 < k < n — I. 

That is, if J e 'Bk{Ui) satisfies dJ = 0, there exists K € Sfc+i([/2) with dK = J. (See Theorem 
3T2]in f|3|) 



As a coroUary, we obtain the foUowing dual result. Let 'Bfc([/) be the Frechet space of differential 
forms defined on U, each with uniforms bounds on each of its directional derivatives. Then 23/j(?7) 
is the topological dual oi 'Bk{U) (see [?] Theorem 2.12.8). 

Every closed form uj G 'S>k{U2) is exact in 'Bk-i{Ui), for all 1 < k < n — 1. 

That is, if cj e 23fe(C/2) satisfies duj ~ 0, there exists 77 E 'Bfe_i([/i) with io\ui = drj. 



There are three primary reasons for calling our result a "geometric Poincare Lemma" . First of all, 
the topology of "BkiU) is defined constructively, and is not simply the abstract dual of the space of 
currents !Bfe(J7)'. Similarly, the cone operator K is defined geometrically. Finally, Dirac chains are 
dense in 'Bk{U)^ yielding a discrete and computable version of the geometric Poincare's lemma and 
its cone operator K. The operator K restricts to the classical cone operator on polyhedral chains, 
and thus our theorem is a generalization of the classical version of Poincare's Lemma for chains. 



Applications presented in this paper include a broad generalization of the Intermediate Value The- 
orem to arbitrary dimension and codimension (see Theorem 4.1.1 and Figure [T]), a new approach to 
homology theory with potential extensions to non-manifolds [?]. H. Pugh uses results of this paper 
to find generalizations of the Cauchy integral theorems [?], and, in a sequel [?], the author uses the 
geometric Poincare Lemma to provide a general solution to Plateau's problem. 



The author is indebted to M.W. Hirsch and H. Pugh for helpful comments. 



2. Preliminaries 



This work relies on new methods of calculus presented in [?] . In this preliminary section we recount 
the definition of the topological vector space 23([/) and its operators from [?] which we use below. 



2.1. The Mackey topology on Dirac chains. Let Ak{U) be the vector space of Dirac k-chains, 
i.e., formal sums "^{pi^ai) where pi € U and G Ak{R"). We call (p; a) a simple k-element if 
a is a simple fc-vector. Otherwise, (p; a) is called a k-element. Since {Ak{U),'Bk{U)) is a dual 
pair, the Mackey topology is uniquely determined on Ak{U). (The Mackey topology is the 
finest topology jik on Ak{U) such that (Ak{U), fik)' = '^k{U).) This process may be mimicked for 
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any subspace of forms, e.g., Dfc(J7), the space of smooth functions with compact support in U, but 
is especially nice to work with because of its useful algebra of continuous operators, and 
algebraic features of its topology. The complex Sfe(J7), which can also be defined for open subsets 
of Riemannian manifolds, is intrinsic in the following sense recently announced in [?] : 

Theorem. The topology Tk{U) is the finest topology in the collection {/i} of locally convex Hausdorff 
topologies on Dirac chains Ak{U) satisfying three axioms: 

(a) The topological vector space {Ak{U),^) is bornological; 

(b) K'^ = {{p;a) e Ak{U) : \\a\\ — 1} is bounded where ||a|| is the mass norm of a; 

(c) The linear map P„ : {Ak{U), ji) — )■ {Ak{U), ji) determined by Pv{p\ a) ■= limt_j.o(p+w; ce/t) — 
{p;a/t) is well-defined and uniformly bounded for all unit vectors w e R". 

The first two properties are essential to analysis in this space, the third suffices for the Lie derivative 
of differential forms to be a bounded operator. It is shown in [?] that the Mackey topology Tk 
coincides with the constructive definition of Tk of [?] , which we next recall. 

2.2. Constructive definition of the B'" norms. 

2.2.1. Mass norm. An inner product (•, •) on R" determines the mass norm on Ak{U) as follows: Let 
(mi A - • • Aufe,fi A - • -AVk) = det{{ui, Vj)). The mass of a simple fc- vector a = ViA - ■ -Avk is defined by 
||a|| := ^/ {a, a). The mass of a fc-vector a is ||a|| := inf IK^Ji)!! • simple, a = J2f=i ■ 
Define the mass of a fc-element {p;a) by ||(p;a)||so := ||a||. Mass is a norm on the subspace of 
Dirac fc-chains supported in p, since that subspace is isomorphic to the exterior algebra A(R") = 
©^^o^feC^") which mass is a norm (see [?], p 38-39). The mass of a Dirac fc-chain A = 

e Ak{U) is given by 

m 

\\A\\bo :=$^||(ft;a,)||BO. 

i=l 

If a different inner product is chosen, the resulting masses of Dirac chains are topologically equivalent. 
It is straightforward to show that || • \\bo is a norm on Ak{U). 

2.2.2. Difference chains and the norm on chains. Given a fc-clement (p; a) with p Cz U and 
u € R", let Tu{p;a) :— {p + u;a) be translation through u, and A„(p;a) := {T^ — I){p;a). Let 

= S'-' (R") be the j-th symmetric power of the symmetric algebra ^(R"). Denote the symmetric 
product in the symmetric algebra S'(R") by o. Let a = = Uj o ■ ■ ■ o u\ G with Ui G R",i = 
Recursively define A^^^a^ {?'■> ct) '■= {^u — I){A„3{p;oi)). Let ||cr|| := ||wi|| • • • HujH and 
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\A„j{p;a)\BJ ■— Let Ag.a{p;a) :— to keep the notation consistent. We say A„j{p;a) 

is inside U if the convex hull of supp{A„] [p\ a)) is a subset of U . 

Definition 2.2.1. For A E Ak{U) and r > 0, define the seminorm 

1 1 1 1 1 1 "j- 1 1 • ^ = XI XI "^-rj . (Po^ ; ) '^here A^, {pj^ ; a^-, ) is inside U \ . 

For simplicity, we often write Hulls'- = HAH^r.c/ if U is understood. It is easy to see that the S'' 
norms on Dirac chains are decreasing as r increases. 

It is shown in [?] (Theorem 2.6.1) that || • H^r is a norm on the free space of Dirac fc-chains Ak{U) 
called the B"^ norm. Let 23|J(?7) be the Banach space obtained upon completion of Ak{U) with the 
norm. Elements of 'BJJ(?7),0 < r < oo, are called dijferentia^k- chains of class B^ in U. Let 
Tik{U) — 'B'^{U) :— \m^'B1{U) be the inductive limit as r — oo, endowed with the inductive Hmit 
topology. It is shown in [?] that 'Bfe([/) = {Ak{U),Tf;). Therefore, the inductive limit topology 
coincides with the Mackey topology Tfc. 

Let ^"(C/) be the Banach space of bounded measurable /c-forms, 'B\{U) the Banach space of Lipschitz 
fc-forms, and for each r > 1, W^{U) be the Banach space of differential fc-forms, each with bounds 
on each of the s-th order directional derivatives for < s < r — 1 and the r-th derivatives satisfy a 
Lipschitz condition. Denote the resulting norm by || • \\b^- Elements oi'B'^{U) are called differential 
k-forms of class B^ in U. The natural inclusions 23|^(?7i) ^ 'Bl,{U2) are continuous for all open 
C/i C [/2 C R". Let Sfe(t/) = 'B^(?7) ^ limS^([/) be the projective limit as r ^- oo, endowed with 
the Frechct topology. If Ui C U2, the natural restrictions 'B^{U2) — > 'B]^{Ui) are continuous, but they 
are not surjective unless Ui is a regular open subset, that is, Ui equals the interior of its closure. It is 
shown in [?] Theorem 2.8.2 that (S^(C/))' ^ "BKU), and the integral pairing / : S^.(C/) ® ^ R 
where J (g) w h->- w(J) is nondegenerate. Let JjUJ :— oj{J) for all J G 23^(J7) and lo E 23^(J7). 

If J is nonzero then its support supp{J) is a uniquely determined nonempty set (see [?] Theorem 
6.1.3). The support of a nonzero /c-chain J E 23fc(L/) is the smallest closed subset E C U such that 
jjUj ~ for all smooth uj with compact support disjoint from E (see [?] Theorem 6.2.2). 

2.3. Operators. Let 'B{U) ^t^o'^kiU). Since 'Bk{U) is a subspace of currents Sfc(?7)' which 
is proper if [/ = R" (see [?]), a natural question arises: If T : 23(?7i) '^{1/2) is a continuous 
operator on forms, we know its dual S{lu) :— lo{T) is continuous on currents S : 'B(C/2)' ~> '^{Ui)' ■ 



The adjective "differential" here does not indicate that the chains are in any way smooth, only that they are closed 
under the topological dual to the Lie derivative operator of differential forms. 
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Is S : !B([/2) "^{Ui) closed? The constructive definition of the Mackey topology is often useful 
for answering such questions as seen in the following Lemma. 

Lemma 2.3.1. Fix < s <r and < k < n. IfT: A{Ui) — A{U2) is a graded operator satisfying 

\\T{A,.{p;amBr<C\\a\\a\\ 

for some constant C > and all j -difference k-chains A^j(p:a.) inside Ui with € <S'-'(IR"), 
0<J<s,a€ Afc(R"), then \\T{A)\\b^ < C\\A\\bs for all A e AkiU^). 



See [?], Theorem 2.7.3. 

Define Ey{p; a) = {p;v A a). Suppose 13 = Vi A ■ ■ ■ A is simple. Define = Ey^ o • • • o E^^ and 
i/3 = ivi ° ■ ■ ■ ° iv,- 

Theorem 2.3.2. Fix d e As(R"). Then Ep : !B^(C/) ^ '^1+,{U) and ifj : S^+^(C/) ^ S^(f/) are 
continuous graded operators with jLO = j-jij^ui. Furthermore, ||£'^(J)||Br < ||/3|||| JH^r. 



See [?] Theorem 3.1.3 for a proof. 

Boundary d = dk coincides with the classical boundary operator on polyhedral /c-chains, which 
are dense in although a direct definition using "higher order Dirac chains" is provided in [?] 

§4. 

Theorem 2.3.3. [General Stokes' Theorem] The boundary operator on differential chains d : SJJ — > 
23^1i is continuous, d o d = 0, and \\dJ\\Br+i < fcn||J||Bi- for all J G 23^. Furthermore, exterior 
derivative d : 'B^'t\{U) ^^(f^) is continuous. If uj e is a differential form and J G is 

a differential chain, then 



JdJ J J 



dui. 

J 



See [?] (Theorems 4.1.3 and 4.1.6). 

We say a differential fc-chain 7 e i>h{U) is a differential k-cycle if = 0. 

Differential 0- forms / determine functions / : J7 — > R by /(p) := /(p; 1). We say that the function / 
is of class if the 0-form / e !Bq. In (see [?] §2.9 ) we prove that / is of class if and only if / 
is of class i.e., f is {r — l)-times continuously differentiable, and its (r — l)-st directional 

derivatives are Lipschitz. For each / : ^ R of class define a map m/ : Ak{U) Ak{U) by 
mf{p; a) := (p; f{p)a) for simple fc-elements [p; a), p G U and linearly extend. 



6 



J. HARRISON 



Theorem 2.3.4. If f is of class B^, then the linear map mf : !B^({7) — )• ^^(?7) is well-defined and 
continuous. The topological vector space of differential chains "B (U) is therefore a bigraded module 
over the ring of operators 'Bq{U) . Furthermore, ||m/^||Br < nr||/||Br|m|Br and dm/ = rufd+nidf . 

For a proof see [?] Theorems 5.1.2 and 5.1.3. 

2.4. Mappings and the pushforward operator. Suppose Ui C R" and U2 C R™ arc open and 
F : Ui ^ U2 is a differcntiable map. For p G Ui, define linear pushforward Fp^[vi A • • • A Vk) ■= 
DFp{vi) A • • • A DFp{vi~) wiiere DFp is the total derivative of F at p. 

Define F^{p;a) := {F{p),Fp^,a) for all simple fc-elements {p;a) and extend to a linear map : 
•^k{Ui) — )• Ak{U2) called pushforward. 

Definition 2.4.1. 

Let TW{U, R™) be the vector space of differentiable maps F : U ^ R™ so that the directional 
derivatives Lf^.Fi of its coordinate functions Fj are of class B'^~^, for r > 1. Define the seminorm 
\F\jjr,u := maxij{\\LejFi\\Br-i,u}. 

We write |-F|d'- = \F\Dr,u when U is understood. It is not hard to show that | • \nr is a seminorm, but 

not a norm, on the vector space M'^(C/, R"). Let M°°{U, R™) be the projective hmit of M''(C/, R™). 
Let M''{Ui, U2) denote the subset {F e W{Ui, R") : F{Ui) d U2 C R™} where U2 is open for all 
< r < 00. If ?7 C R" is a regular open set, we can similarly define M''(C/, R™) as the space of maps 
F :U R"* which extend to maps defined in a neighborhood of U. 

Theorem 2.4.2. If F & W{Ui,U2), then 

\\F^{A)\\Br,u2 < mnmax{l,r|F|£,r,t/i}||A||sr,!7i 

for all A e Aq{U\) and all r > 0. and thus determines a continuous linear map : i^{U\) — >■ 
with jp^jio = J J F*uj for all J e %{Ui) and uj G 'Bl{U2). Furthermore, doF^= F^od. 

For a proof see [?] Theorems 7.5.4 and 7.5.5. 

Theorem 2.4.3. Any affine k-cell t inU is represented by a unique differential k-chain t G "BkiU) 
such that J:fOj = J^oj for all ui £ 23^ (J7). 



For a proof see [?], Theorem 2.11.2. 
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2.5. Cartesian wedge product. Suppose Ui C R" and U2 C R™ are open. Let li : Ui ^ Ui x U2 

and t2 : C/2 "> f^i X C^2 be the inclusions = (p, 0) and 12(9) = (0, g). Let tti : f/i (g) C/2 — > t^i 

and 7r2 : C/i <8) ?72 — > C^2 be the projections ni{pi,p2) = Pi, i — 1, 2. Let (p; a) £ Ak{Ui) and (g; f3) e 
^£(C/2). Define x : Ak{Ui)xAe{U2) Ak+£iUixU2) by x((p;a), := ((p, g); ti,aAt2,/3) where 

(p; a) and (g; /3) are k- and ^-elements, respectively, and extend bilinearly. We call Px Q — x{P,Q) 
the Cartesian wedge produc^oi P and Q. Cartesian wedge product of Dirac chains is associative 
since wedge product is associative, but it is not graded commutative since Cartesian product is not 
graded commutative. The next result shows that Cartesian wedge product is continuous. 

Theorem 2.5.1. Cartesian wedge product x : 23|^([/i) x 'B|(C/2) ^ ^I+K^i ^ ^2) is associative, 
bilinear and continuous for all open sets Ui C R", U2 C R™ and satisfies 



(a) \\J X K\\b-+s.U,xU2 < II Jllsr.L/i 11/^11^=^,^2 

(b) ||(a,5) X J||^r,RxLri < 1 5 — o 1 1 1 J| | ^r, c/i wkcrc (a, 6) is the 1-chain representing the interval 
{a,b). 

(c) diJ xK)^ {dJ) xK+ i-l)''J X {dK). 



See [?] Theorem 10.1.3. 



3. PoiNCARE Lemma 
3.1. Chain homotopy. Since 9fc_i o dk — 

(1) %ixu) ^ Kt\iu) ®g+"(c/) 4 {0}. 

is a bigraded chain complex. Letting s — cx), the inductive limits 

(2) S„(C/) ^ S„_i(C/) . . ^ Bo(i7) A {0}. 

form a chain complex since dk is well-defined and continuous on the inductive limits. 

A collection of maps 5"^. : SJJ (J7i ) — )■ 23^ (J72 ) is a graded map of chain complexes if Sk- i°dk = dkoSk- 



Definition 3.1.1. For U C R" open, the k-ih "differential homology" group of the chain complex 

{■hk{u),dk) is 

Hk{U) := 



ker dk 



m\dk+i 



By the universal property of tensor product, X factors through a continuous Unear map cross product X : Sj(f7i) Cg 
25fc((72) — ^ X C/2). This is closely related to the classical definition of cross product on simplicial chains ( [?] 

p. 278) 
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Let C/e be the e-neighborhood of a smoothly embedded m-manifold M in R". Define]^ 

Hk{M) ■.= \u^Hk{U,) 
where the inductive hmit is taken as e — > 0. 

If Fk : 5351(t/i) '3^(1/2) is a graded map of chain complexes, then Fk induces a well-defined map 
Hk{Fk) : HkiUi) Hk{U2) with Hk{Fk)[J] := i?/c[i^fcJ] since Fk commutes with 5. 

Two graded maps of complexes F^, Gk ■ "BKUi) — ^ 'B5J(t/2) are chain homotopic through a family of 
maps Kk : 'B'^(Ui) — 23 J^..^,]^ if — Fk = dKk + Kk-id. It is a standard result that if two maps of 
complexes Fk,Gk are chain homotopic, then Hk{Fk) — Hk{Gk)- 

Two maps Fq, Fi : f/i C R" ^ t/2 C are B'' homotopic if there exists F : [0, 1] x t/i ^ C/2 with 
F{0,p) Fo(p) and = Fi{p) and F G M'^([0, 1] x C/i ^ C/2). We say Ui is B'' contractible 

in [/2 if C/i C C/2 C R" are open and the inclusion Ui ^ U2 with p 1-^ p E Ui is B^' homotopic to a 
constant map Ui -» ?72 with p t-^ c £ U2- 

We may now state our main result. 

Theorem 3.1.2. [Poincare Lemma for Differential Chains] Let Ui d U2 d R" be open subsets 
where Ui is contractible in U2- Then for J G 235J(C/i) with dJ — 0, there exists C G !B)|l^j^(L/2) 
with dG = J for all I < k < n and 1 < r < 00. 



In order to prove this we first establish Corollary |3.1.6 which says that pushforwards through ho- 
motopic maps are homotopic as maps of complexes. 



Let / denote the 1-chain representing the interval [0,1] C R (see Theorem 2.4.3), and L = Lk : 
•BliUi) S^((0, 1) X Ui) be Cartesian wedge product Lk{J) -.^ I x J (see Theorem [2X1] . Recall 
that (<; 1) is the simple unit 0-element supported in t G R^. 

Lemma 3.1.3. \\LJ\\Br- < WJWb- and {dL + Ld){J) = (1; 1) x J - (0; 1) x J. 

Proof. According to the Test Lemma, the inequality reduces to showing ||/ x A^-j (p; a))||_Br < HcrHaH 



for all < j < r. Using Theorem 2.5.1 we know ||/ x A^, (p; a))!!^^ < || A^j (p; a))!!^.- < ||cr||||a||. □ 



Let F : [0, 1] x /7i ^ U2 be an element of M''([0, 1] x J/i -> C/2) with F(0,p) = fo{p) and F{l;p) = 
/i(p). Then : 235J((0, 1) x C/i) ®5^([/2) is a continuous linear map. We remark that [0, 1] x (p; 1) G 



■^In a sequel in preparation, M.W. Hirsch and the author show that Hii{M) coincides with singular homology. They 
are developing a homology theory Hk{J) for arbitrary differential ^-chains J £ 'Bi{U) < £ < n, but it is not yet 
clear which axioms of homology such a theory would satisfy. 
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^^^((0, 1) X Ui) for all p e Ui, even though [0, 1] is closed (see [?] for a full discussion about chains 
in open sets.). Let K = Kk := F^Lk : 'S>l{Ui) Sfe^UC^a) for r > 0. 

Theorem 3.1.4. If F ^ M'''([0, 1] x [/i U2), then K — F^,L extends to a continuous linear map 
K : 'B^(Ui) — !■ 'B|^^j^([/2) satisfying WKJUBr < mnmax{l,r|_F|£)r}|| Jjl^r for all differential chains 
J e 'BliUi) for alio <k <n- 1. 

Proof WKJWb'- ^ \\F^LJ\\Br < mn niax{l, r|F|D'-}||iJ||s- < mnmax{l,r\F\Dr}\\J\\B-- □ 

Theorem 3.1.5. ///o,/i : Ui C R" U2 C R™ are B'' homotopic, the maps of chain complexes 
/i*j/o* • 235^(C/i) — 7> 'B)J(?72) chain homotopic through the family of maps {Kk}. That is, 

dk+iKk + Kk+idk = fi* — /o* 

for allO<k<n - 1. 

Proof By Theorems [2A2l and [231] 

{dK + Kd){J) = {dF,L + F,Ld){J) = F,{dL + Ld){J) 

= F.,{d{ix J)+i X dJ) 

= F^{{di) X J ^ i X dJ + i X dJ) 

= F,{{di) X J) 

= F,{{1;1) X J-(0;1) X J) 

= (/i*-/o*)(J). 

□ 

If = 0, /o = c and /i = /, then /i* — /o* /*, but dK + Kd ~ dK 7^ /, so the theorem fails for 
A: = 0. 

Corollary 3.1.6. Pushforwards through homotopic maps act identically on the homologies. That 
is, Hk{fo*) ~ Hkifi*). In particular, on a contractible domain, Hk{I*) = IIk{c^), where c is the 
constant map. 

Proof of the Geometric Poincare Lemma: IIk{c^,) = and thus IIk{I*) = 0. But this implies 
HkiUi) = 0. That is, imd — ker9 which is what we wanted to prove. 

The cone over a differential cycle is unique up to addition of a differential chain boundary since 
J = d{KJ + dC). The chain dC is a gauge choice. In codimension one, L = 0. 
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3.2. Poincare Lemma for forms. Suppose F 
hyFt{p) := F{t,p) and Kk = F^Lt- Define Atuj 

Theorem 3.2.1. Ak : 'Bk+i{U2) ^ Sfc(J7i) is 
satisfies 



e M'-([0, 1] X C/i ^ U2). Let Ft-.Ui-^ U2 be given 
a continuous linear map for all 1 < k < n ~ 1 and 



(a) dAk + Ak+id = F^ - F^ ; 

(b) \\Alu\\b'- < TOnmax{l,r|F|c,-}||a;||B. for all uj G ^^(C/a); 

(c) {Auj){p; a) = iQ/QtU}{Ftip); a)dt 



Proof, (a) and (b) follow immediately from Lemma 3.1.3 and Theorem 2.4.2 



(c): Recall from Theorem |2.4.3| that if 7 represents [0, 1] in 'B\{^'^), and fdt £ ^^(IRi) is a 1-form, 
then j~fdt — f{t)dt. Let (p; a) be a simple fc-element with p £ Ui. Let jp be the fc-chain 
representing the interval [0, 1] x {p} C [0, 1] x Ui. If w £ '31.^-^(1/2), then 

Auj{p;a) ^ uj= ^ = L F*uj by Theorem [5X2] 

JK{p;a) J F,L(p;a) JIx(p:a) 



(—1)'°/ F*LU by antisymmetry of A 

J (p;a)xl 

{-if f F*uj by the definition of X 

jiaF*aj by Theorem [2X2] 

f id/8tiaF*uj A dt by the definition of interior product 



1 

■ia/dtiaF*u{{t,p);l)dt 







1 

ig/Qti^{Ft(p);a)dt 



□ 



Remarks 3.2.2. 



• If fc = and Lu E 'B^(?72), then Auj is a 0-form, i.e., a function, and Auj{p) — Auj{p; 1) = 
Jq id/dt^ ° Ft{p)dt, the classical formula for the homotopy operator of functions. 

• If fc = n — 1 then oj E 'B'^{U2), and thus oj — gdV where g E 'Bq(C/2). It follows that 
Aoj — AgdV is an (n — l)-form and ^(,g(iT^)(j5;Q;) = ig/QtgdV{Ft{p);a)dt ~ g{Ft{p))dt. 
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We immediately deduce: 

Corollary 3.2.3 (Poincare Lemma for forms). Let Ui C U2 C R" be open and Ui be contractible 
in U2, and 2<fc<n — 1. If oj ^ 'B^([/2) satisfies duj — Q, there exists rj £ 23^_2(C/i) such that 
uj\ui = dr]. 



Proof. Let F : / x C/i — > f/2 be the contraction. Then Fq* = /* and Fi* = 0. Set r] = Alo and let 
p £ Ui. Applying Stokes' Theorem |2.3.3| twice, and Theorem |3. 1 .51 we have 

dri{p; a) ^ d{ijjK){p; a) = I uj = j uj — j u) =uj{p;a). 

JKd{p\a) J{p;a) J dK{p-a) 

□ 



4. Applications 

Lemma 4.0.4. Let n > 0. There does not exist a nonzero differential n-cycle in a contractible open 
set of a smooth n-manifold M . 

Proof. If dJ = 0, then KdJ = 0. However, KJ = since every {n + l)-chain in R" is degenerate. 
Thus 

J = dKJ + KdJ = 0. 

□ 



4.1. Generalization of the Intermediate Value Theorem. 

Theorem 4.1.1. (General Intermediate Value Theorem) Suppose G : C/i C R" — C/2 C R™ is an 

element o/M''(t/i, U2) where 1 < n < m and 1 < r < 00. Let J £ !B;(C/i) and K £ 'B''JU2). Then 

G,{dJ) ^dK ^ G,J = K. 

Proof. Suppose G^{dJ) = dK. Since pushforward commutes with boundary, d{G^J — K) — 0. By 
Lemma |4.0.4| it follows that G^,J = K. The converse is immediate since the boundary operator is 
continuous and commutes with pushforwarcj^ □ 

This significantly strengthens the conclusion of the classical result in topology: If G : C R" — > R" 
is a continuous map whose restriction to the boundary of the ball i?" is the identity map, than the 

^M.W. Hirsch helped the author clarify and simplify the original proof of the general intermediate value theorem 
announced as Corollary 22.8 in [?]. 
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image of g contains all of _B". Our result shows that if G is Lipschitz, then G^B^- 
n = m = 1, this generalizes the intermediate value theorem (see Figure [I]). 



B". For 




V 




Figure 1. General intermediate value theorem 

Corollary 4.1.2. Suppose dJ = and J G 23fc(C/) is supported in a contractible open set U. Then 
KJ — L if and only if J ^ dL. 



Proof Suppose KJ = L. Then dKJ = dL. But J = {Kd + dK)J = dKJ = dL. Conversely, 
suppose J dL. Then {Kd + dK).J = dKJ = dL. By Theorem [ITl] /sT J = L. □ 



5. Discrete Poincare Lemma 



Discrete versions of the Poincare Lemmas are readily available since Dirac chains are dense in the 
space of differential chains. If J € 23fe([/), we can approximate J with A = '^{pi\ ai) and apply the 
operator K to each A:-element {pi^ai). Since K is linear and continuous, KJ is approximated by 
'Y^K{pi]ai). The differential complex A''f,{U) of Dirac chains of arbitrary order and dimension in U 
(see [?] §3.4) is the discrete analogue of 23i.([/). Since the other operators we use, e.g., boundary, 
are also linear and continuous, we obtain discrete versions of all of the results of this paper. If we 
fix a finite set of "base points" {pi}, the space of Dirac chains becomes finite dimensional and the 
operators can be represented as matrices. 



